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Let (X, S) denote an association scheme where X is a ﬁnite set.
For a prime p we say that (X, S) is p-covalenced (p-valenced) if
every multiplicity (valency, respectively) of (X, S) is a power of p.
In the character theory of ﬁnite groups Ito’s theorem states that
a ﬁnite group G has a normal abelian p-complement if and only
if every character degree of G is a power of p. In this article we
generalize Ito’s theorem to p-valenced association schemes, i.e.,
a p-valenced association scheme (X, S) has a normal p-covalenced
p-complement if and only if (X, S) is p-covalenced.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
In this article we adopt the terminology from the theory of association schemes as given in [14]
and the theory of ﬁnite groups as given in [9].
Let G denote a ﬁnite group and CG the group algebra of G over the complex numbers ﬁeld C. For
each subgroup H of G we deﬁne the element eH of CG as
eH := 1|H|
∑
x∈H
x.
Then eH (CG)eH is a semisimple algebra with identity eH and distinguished basis
BH :=
{
1
|H|
∑
x∈HgH
x
∣∣ g ∈ G
}
.
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module by right multiplication (see [2]), which affords the standard character ρG/H so that
ρG/H =
∑
χ∈Irr(G/H)
mχχ
where the integers mχ are called the multiplicities of eH (CG)eH .
For the remainder of this section we assume that p is a prime number.
Our concern is to ﬁnd a condition for G to have a subgroup K containing H such that the index
[G : K ] is the maximal power of p which divides [G : H]. As a corollary of Theorem 1.1 we get that
it is suﬃcient that mχ is a power of p for each χ ∈ Irr(G/H). Note that, if H is the identity group,
then mχ = χ(1) for each χ ∈ Irr(G/1) and Ito’s theorem shows that χ(1) is a power of p for each
χ ∈ Irr(G) if and only if G has a normal abelian p-complement (see [9] and [10]).
In this article we consider a combinatorial analogue of the above argument in terms of association
schemes.
Let (X, S) denote an association scheme and CS the adjacency algebra of (X, S) (see Section 2
for deﬁnition). Then CS is a semisimple algebra with distinguished basis {σs | s ∈ S} where σs is the
adjacency matrix of s ∈ S .
It is known that the set of orbitals of a transitive permutation group G forms an association
scheme (see [1, p. 53]), and its adjacency algebra has the same structure constants as eH (CG)eH
with respect to BH where H is a one-point stabilizer in G . In this sense an association scheme can
be seen as a combinatorial object which generalizes the concept of the algebra eH (CG)eH with BH .
For s ∈ S deﬁne ns as the constant rowsum of the adjacency matrix σs , and call it the valency of s.
We say that (X, S) is p-valenced if ns is a power of p for each s ∈ S .
We denote the set of irreducible characters of CS by Irr(S). The character afforded by the
canonical monomorphism from CS to M|X |(C) is called the standard character of CS . Since CS is
ﬁnite-dimensional and semisimple, its standard character can be written as
∑
χ∈Irr(S)mχχ where the
integers mχ are called the multiplicities of (X, S). We say that (X, S) is p-covalenced if mχ is a power
of p for each χ ∈ Irr(S).
The following is the main theorem of this article which generalize Ito’s theorem in the group
theory (see Section 2 for deﬁnitions and Remark 3.1 for the detail):
Theorem 1.1. Let (X, S) be a p-valenced association scheme. Then (X, S) is p-covalenced if and only if S has
a normal p-covalenced p-complement.
We prepare some terminology in Section 2, give a proof for Theorem 1.1 in Section 3 and show
additional results in Section 4.
2. Preliminaries
The following notation related to association schemes is taken from [14].
Let X be a nonempty ﬁnite set and S a partition of X × X . The pair (X, S) is called an association
scheme if it satisﬁes the following conditions.
(i) 1X ∈ S where 1X := {(x, x) | x ∈ X}.
(ii) For each s ∈ S we have s∗ ∈ S where s∗ := {(z, y) | (y, z) ∈ s}.
(iii) For all r, s, t ∈ S there exists a non-negative integer arst such that arst = |yr ∩ zs∗| whenever
(y, z) ∈ t , where
yr := {z ∈ X ∣∣ (y, z) ∈ r}.
For x ∈ X and T ⊆ S with T = ∅ we deﬁne
T ∗ := {t∗ ∣∣ t ∈ T }, nT :=∑
t∈T
nt , and xT :=
⋃
t∈T
xt.
Then we have nT = |xT | = |xT ∗|.
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For Q , R ⊆ S we deﬁne the complex product Q R as follows:
Q R :=
{
s ∈ S ∣∣ ∑
q∈Q
∑
r∈R
aqrs > 0
}
.
We shall write qR , Q r instead of Q R if Q or R are singletons {q} or {r}, respectively. Observe that
the complex product is an associative binary operation on the power set of S (see [14] for the detail).
A nonempty subset T of S is called closed if T ∗T ⊆ T .
Let T and U be two closed subsets of S . Then we shall write T  U if T ⊆ U . We say that T is
normal in U if uT = Tu for each u ∈ U , and strongly-normal in U if u∗Tu ⊆ T for each u ∈ U .
For Y ⊆ X and T ⊆ S we set
TY := {tY | t ∈ T }
where tY := t ∩ (Y × Y ).
Let U  T  S . We deﬁne T //U as follows:
T //U := {tU ∣∣ t ∈ T }
where tU := {(xU , yU ) | x, y ∈ X; y ∈ xUtU }.
Let T  S . For a prime p we say that T is p-valenced if nt is a power of p for each t ∈ T , and T is
p-covalenced if (X, S)xT is p-covalenced for each x ∈ X where (X, S)xT := (xT , TxT ) is the subscheme
of (X, S) induced by xT (see [14, Thm. 2.1.8]).
For each s ∈ S we deﬁne σs ∈M|X |(C) whose rows and columns are indexed by the elements of X
as follows:
(σs)xy =
{
1 if (x, y) ∈ s,
0 if (x, y) /∈ s.
For U ⊆ S we deﬁne σU to be ∑u∈U σu .
The equalities of the following lemma are taken from Lemmas 2.3.1, 2.3.4, Theorem 4.1.3 and
Lemma 4.3.4 in [14]:
Lemma 2.1. Let T  S and s ∈ S. Then we have the following:
(i) σTσs = ασT s and σsσT = α′σsT for some α,α′ ∈ N with α | ns and α′ | ns;
(ii) σT sσT = βσT sT and σTσsT = β ′σT sT for some β,β ′ ∈ N;
(iii) nsT = nT sT /nT ;
(iv) If U  S with TU  S, then nT /nT∩U = nTU /nU .
For each T  S we denote by CT the subspace of M|X |(C) spanned by {σt | t ∈ T }. Then CT is a
semisimple subalgebra of CS .
Lemma 2.2. (See [12, Lem. 2.6], [13, Thm. 1.5.1].) Let T  S and x ∈ X. Then the map t 	→ txT induces an
algebra isomorphism from CT to CTxT .
This lemma guarantees that T is p-covalenced if and only if (X, S)xT is p-covalenced for some
x ∈ X .
We now introduce induced modules according to [6].
Let T  U  S . Suppose that V is a CU -module which affords the character χ , and W is a CT -
module which affords the character μ. Then V is a CT -module which affords the restriction χT of χ
to CT , and W ⊗CT CU is a CU -module which affords the induction μU of μ.
For all characters θ , μ of CT we deﬁne
(θ,μ)T :=
∑
χ∈Irr(T )
aχbχ
where θ :=∑χ∈Irr(T ) aχχ and μ :=∑χ∈Irr(T ) bχχ .
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holds:
Lemma 2.3. (See [6].) Let T  S, φ a character of CS and θ that of CT . Then we have (φT , θ)T = (φ, θ S )S .
We deﬁne S ′ to be the smallest closed subset containing{
sts∗t∗
∣∣ s, t ∈ S}
so that the relation set S//S ′ of the factor scheme (X, S)S ′ over S ′ is an abelian group with respect to
the complex product.
The equations of the following lemma are well known, (i), (ii), (iii), (iv) and (v) are given in (3.4),
(2.13), (3.3) of [7,11,5], respectively.
For convenience σ1X is denoted by 1.
Lemma 2.4. Let T  S. Then we have the following:
(i) nT =∑χ∈Irr(T )mχχ(1) =∑s∈T ns;
(ii) |T | =∑χ∈Irr(T ) χ(1)2;
(iii) The Frame quotient
F(T ) := n|T |−2T
∏
s∈T ns∏
χ∈Irr(T )m
χ(1)2
χ
is a rational integer;
(iv) For each χ ∈ Irr(T ) we have χ(1)mχ ;
(v) For each χ ∈ Irr(T ), mχ = 1 if and only if T ′  ker(χ) where ker(χ) := {t ∈ T | χ(σt) = ntχ(1)}.
Theorem 2.5. (See [3, Thm. 3.4].) Let T  S such that T is strongly-normal in S with nS/nT = p where p is a
prime. Write
Irr(S//T ) = {ξ1, . . . , ξp}.
Then, for each χ ∈ Irr(S) one of the following statements holds.
(i) χT ∈ Irr(T ) and (χT )S =∑pi=1 ξiχ where Irr(S//T ) is identiﬁed with {χ ∈ Irr(S) | T  ker(χ)}.
(ii) ψ S = χ whenever ψ ∈ Irr(T ) with (ψ,χT )T > 0.
Theorem 2.6. (See [4].) Let T  S and ψ ∈ Irr(T ). Then
(nS/nT )mψ =
∑
χ∈Irr(S)
(
ψ S ,χ
)
Smχ
where mψ and mχ are the multiplicities of CT and CS, respectively.
3. Proof of the main theorem
Throughout this section we assume that p is a prime.
The following is obtained as a corollary of Theorems 2.5 and 2.6:
Lemma 3.1. Suppose that (X, S) is an association scheme and T is a strongly-normal closed subset in S with
nS/nT = p. Then, for all φ ∈ Irr(T ) and χ ∈ Irr(S) with (φ S ,χ)S > 0 we have mχ ∈ {mφ, pmφ}.
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Lemma 2.3. Thus,
φ S = (χT )S =
p∑
i=1
ξiχ.
Note that ξiχ are either distinct or all the same. Since ξiχ is irreducible, it follows from Theorem 2.6
that
pmφ = nS/nTmφ = pmχ .
If (ii) in Theorem 2.5 holds, then, by Theorem 2.6,
pmφ = nS/nTmφ =mχ . 
Lemma 3.2. Suppose that (X, S) is a p-covalenced association scheme and nS is divided by p. Then there
exists a strongly-normal closed subset T in S such that nS/nT = p and T is p-covalenced.
Proof. By Lemma 2.4(i),
nS =
∑
χ∈Irr(S)
mχχ(1).
Since p | nS and S is p-covalenced, it follows from Lemma 2.4(iv) that∑
mχ=1
mχχ(1) =
∣∣{χ ∈ Irr(S) ∣∣mχ = 1}∣∣≡ 0 mod p.
Since S//S ′ can be identiﬁed with an abelian group, it follows from Lemma 2.4(v) that∣∣S//S ′∣∣= ∣∣Irr(S//S ′)∣∣= ∣∣{χ ∈ Irr(S) ∣∣mχ = 1}∣∣≡ 0 mod p.
By the correspondence theorem for association schemes (see [14, Lem. 4.1.7]), there exists a closed
subset T of S such that T //S ′ is a subgroup of S//S ′ with index p and S ′  T . Moreover, T is strongly-
normal in S and p = nS//S ′/nT //S ′ = nS/nT . Since (X, S) is p-covalenced, it follows from Lemma 3.1
that T is p-covalenced. 
Lemma 3.3. For each T  S, if T is p-covalenced, then there exists a series of closed subsets {Ti}ri=0 such that
T0 = T , Ti+1 is p-covalenced and strongly-normal in Ti with nTi/nTi+1 = p for i = 0,1, . . . , r − 1 where pr
is the maximal power of p which divides nT . Moreover, Tr is normal in T .
Proof. Let x ∈ X . Since T is p-covalenced, (X, S)xT is p-covalenced. If p divides nT , then we apply
Lemma 3.2 with Lemma 2.2 to ﬁnd a strongly-normal closed subset T1 such that nT0/nT1 = p and T1
is p-covalenced. If p does not divides nT , then the singleton {T } is exactly what we need. Applying
this operation for (X, S)xTi inductively we obtain {Ti}ri=0 as desired. This completes the proof of the
ﬁrst statement.
Let U := Tr , x ∈ X , and s ∈ T . In order to show that U is normal in T it suﬃces to show that
xsU = xUs.
By Lemma 2.1, for y ∈ xs
σUσsσU = ασUsσU = αβσUsU
where α = |xU ∩ ys∗| and β = |xUs∩ yU | depend only on s and U . Multiplying the all-one matrix on
both sides we obtain
nUnsnU = αnUsnU = αβnUsU .
By Lemma 2.1, α divides ns , and, by [14, Cor. 5.6.8], T //U is p-valenced. Note that
nU (ns/α) = βnUsU /nU = βnsU
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that nU = β .
We claim that xsU ⊆ xUs. Let z ∈ xsU . Then z ∈ yU for some y ∈ xs. Since nU = β , we have
yU ⊆ xUs. Since z ∈ yU , it follows that z ∈ xUs.
Applying an argument symmetric to the one above, with
σUσs∗σU = α′σUσs∗U = α′β ′σUs∗U
where α′ = |yU ∩ xs| and β ′ = |yUs∗ ∩ xU | with y ∈ xs we obtain nU = β ′ .
We claim that xUs ⊆ xsU . Let z ∈ xUs. Then z ∈ x′s for some x′ ∈ xU . Since nU = β ′ , it follows that
x ∈ x′U ⊆ zU s∗ , equivalently, z ∈ xsU as desired. 
Proof of Theorem 1.1. Let (X, S) be a p-valenced association scheme. Then there exists a Sylow p-
subset P (see [8] or [14, Thm. 4.5.3]).
First we assume that (X, S) is p-covalenced. By Lemma 3.3, there exists a normal p-covalenced
closed subset U such that U ∩ P = {1X } and U P = S , as desired.
Second, we assume that S has a normal p-covalenced p-complement U . Then S//U = U P//U 
P//P ∩ U  P by the second isomorphism theorem for association schemes (see [14, Thm. 5.3.4]).
By [14, Cor. 5.6.8], there is a series {Ti}ri=0 of closed subsets of S such that U = T0  T1  · · · Tr = S
and Ti is strongly-normal in Ti+1 with nTi+1/nTi = p for each i with 0 i  r − 1 where pr = nS/nU .
Applying Lemma 3.1 for {Ti}ri=0 with Lemma 2.1 we obtain that S is p-covalenced. 
Remark 3.1. Each ﬁnite group G can be identiﬁed with an association scheme such that each valency
is one. Therefore, G is p-valenced for each prime p and G is p-covalenced if and only if χ(1) is a
power of p for each χ ∈ Irr(G) since χ(1) =mχ . Moreover, a subgroup H of G is normal in G if and
only if the corresponding closed subset to H is both strongly-normal and normal in G , and H is an
abelian normal p-complement if and only if the corresponding closed subset to H is a p-covalenced
normal p-complement, since each character degree of H divides |H| and |H| is not divided by p. This
implies that Theorem 1.1 generalizes Ito’s theorem in group theory.
4. Additional results
Under the same notation as in Theorem 1.1 we can show the uniqueness of the normal p-
covalenced p-complement as follows:
Theorem 4.1. Under the same notation as in Theorem 1.1 the normal p-covalenced p-complement is unique.
Proof. Suppose that U and V are normal p-covalenced p-complements. Then UV  S and nUV /nU
is a power of p. On the other hand, nV /nU∩V is not divided by p. Since nUV /nU = nV /nU∩V by
Lemma 2.1, it follows that U = V . 
It is natural to ask if the normal p-covalenced p-complement is commutative, i.e., its adjacency
algebra is commutative. Though it is still open, we have the following partial result. The idea of the
proof is inspired by [6]:
Theorem 4.2. Suppose that (X, S) is a p-covalenced association scheme such that each valency is one or p
and nS is not divisible by p. Then S is commutative.
Proof. It suﬃces to show that χ(1) = 1 for each χ ∈ Irr(S) (recall χ(1) = χ(σ1X )). We set
v :=
∑ 1
ns
σsσs∗s∈S
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v =
∑
χ∈Irr(S)
nSχ(1)
mχ
eχ
where eχ are the primitive idempotents of CS .
Since ns ∈ {1, p}, vp ∈ ZS and its eigenvalues pnSχ(1)/mχ are algebraic integers. We denote
pχ(1)/mχ by μχ . Since nS is not divisible by p, we have
uχ ∈ Z.
Note that∏
χ∈Irr(S)
mχ(1)
2
χ 
∏
mχ>1
pχ(1)
2
and
∏
s∈S
ns = p|S|−|T |
where T := {s ∈ S | ns = 1}. Since the Frame quotient is a rational integer by Lemma 2.4(iii), it follows
from Lemma 2.4(ii), (iv) that
|S| − ∣∣S//S ′∣∣ |S| − |T |,
and, hence, |T |  |S//S ′|. On the other hand, for each t ∈ S , S ′t S ′ ∩ T = ∅ since nS ′t S ′ = nS ′t = nS ′ is
not divided by p and S is p-valenced. This implies that |S//S ′| |T |, and, hence, |T | = |S//S ′|.
By Lemma 2.4(i), (v),
nS =
∣∣S//S ′∣∣+ ∑
mχ>1
mχχ(1) =
∣∣S//S ′∣∣+ ∑
mχ>1
p
χ(1)2
uχ
.
By Lemma 2.4(i), (ii) and the assumption,
nS = |T | + p
(|S| − |T |)= p ∑
mχ>1
χ(1)2 + p(∣∣S//S ′∣∣− |T |)+ |T |.
It follows from |T | = |S//S ′| that
p
∑
mχ>1
χ(1)2 =
∑
mχ>1
p
χ(1)2
uχ
.
This implies that pχ(1)/mχ = uχ = 1 for each χ ∈ Irr(S) with mχ > 1. Since S is p-covalenced,
χ(1) is a power of p for each χ ∈ Irr(S).
Note that |S − T | = |S| − |T | = |S| − |S//S ′| is equal to the number of χ ∈ Irr(S) with mχ > 1.
Since nS is not divided by p, the Frame quotient in Lemma 2.4(iii) forces that mχ ∈ {1, p} for each
χ ∈ Irr(S). Therefore, χ(1) = 1 for each χ ∈ Irr(S). 
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